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Abstract
We connect work done by Enochs, Rada and Hill in module approximation theory
with work undertaken by several group theorists and algebraic topologists in the
context of homotopical localization and cellularization of spaces. This allows one
to consider envelopes and covers of arbitrary groups. We show some characterizing
results for certain classes of groups, and present some open questions.
1 Introduction
A group homomorphism ϕ : H → G is called a localization if it induces a bijection
ϕ∗ : End(G) ∼= Hom(H,G) given by ϕ∗(f) = fϕ. Dually, it is called a cellular cover (or
co-localization) if it induces a bijection ϕ∗ : End(H) ∼= Hom(H,G), given by ϕ∗(f) = ϕf .
Localizations and cellular covers of groups have been broadly studied in recent years,
motivated by their implications in homotopical localization theory. Special attention has
been given to understanding whether some properties or structures are preserved under
localization or cellular covers in the category of groups. An updated treatment of this
subject (initiated in [6] and [21]) can be found in the recent book by Go¨bel and Trlifaj
[17] (also see references in [7]).
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In a few cases it is possible to give an explicit list of localizations of a fixed group
H or cellular covers of a fixed group G. For example, see the recent work by Blomgren,
Chacho´lski, Farjoun, and Segev [3] where a complete classification of all cellular covers of
each finite simple group is given.
However, in many other cases the classification is not possible, as we may obtain a
proper class of solutions. The use of infinite combinatorial principles, like Shelah’s Black
Box and its relatives, has allowed one to produce either arbitrarily large localizations or
cellular covers for certain groups. For instance, in [14] and [16] the authors constructed
large localizations of finite simple groups. Countable as well as arbitrarily large cellular
covers of cotorsion-free abelian groups with given ranks have also been constructed (see
[5], [12] [15]). On the other hand, interesting new results have been achieved in [13] where
Go¨bel, Herden, and Shelah constructed absolute E-rings (localizations of Z) of a size
below the first Erdo¨s cardinal. This approach has yielded the solution of an old problem
by Fuchs.
By relaxing the uniqueness property, some of the previous constructions could be
adapted to find new envelopes and covers of groups. More precisely, ϕ : H → G is an
envelope if ϕ∗ : End(G) → Hom(H,G) is surjective and every endomorphism f : G → G
such that fϕ = ϕ is an automorphism. On the other hand, ϕ : H → G is a cover if
ϕ∗ : End(H) → Hom(H,G) is surjective and every endomorphism f : H → H such
that ϕf = ϕ is an automorphism (see Section 2 for more details). These notions would
have interesting applications in related areas such as homotopical localization or module
approximation theory (see Remark 2.1).
Our motivation to write this article was to connect notions and tools from different
contexts. In particular, our aim is to connect the work by Enochs and Rada [10], as well
as Hill [19] (where they considered torsion free covers of abelian groups having trivial co-
Galois group) to the work by Buckner–Dugas [5] and Farjoun–Go¨bel–Shelah–Segev [12].
Our Theorem 3.1 ensures that, in fact, F -covers of arbitrary groups with trivial co-Galois
group are cellular covers for any class F of groups.
A similar result holds for envelopes under certain assumptions. We show in The-
orem 3.6 that if H → G is an F -envelope with trivial Galois group, and either G is
nilpotent or H is abelian then H → G is a localization. The proof is a tricky play of
iterated commutators combined with the properties of envelopes.
Section 4 provides some more results, examples and counterexamples of envelopes of
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groups. It also includes several open questions for further work involving the group of
integers, finite p-groups and finite simple groups.
2 Envelopes and covers for groups
In this section we adapt some well known notions of envelopes and covers of modules to
the category of groups. This yields a weaker version of (co)-localization theory (see e.g.
[4], [11], [20]), where the class of (co)-local groups is replaced by an arbitrary class of
groups F , which is not closed under retractions, nor (co)-limits in general.
We follow Enochs and Xu’s terminology (see e.g. [9], [28]). Let F be a class of
groups closed under isomorphisms. A group homomorphism ϕ : H → G is called an
F-preenvelope of H if G ∈ F and for all F ∈ F the induced map ϕ∗ : Hom(G,F ) →
Hom(H,F ) given by ϕ∗(f) = fϕ is surjective. If in addition, every endomorphism f :
G→ G such that fϕ = ϕ is an automorphism, then ϕ is called an F-envelope. F-precovers
and F-covers with respect to a class of groups F are defined dually.
Let ϕ : H → G be an F -envelope of a group H . The Galois group of ϕ is defined
as the subgroup Gal(ϕ) ⊆ Aut(G) consisting of those automorphisms f of G such that
fϕ = ϕ. The co-Galois group coGal(ϕ) of an F -cover ϕ : H → G is defined dually.
Note that F -envelopes or F -covers are determined up to isomorphism, whenever they
exist. A class of groups F is said to be (pre)enveloping if every group admits an F -
(pre)envelope. Dually, it is said to be (pre)covering if every group admits an F -(pre)cover.
Remark 2.1 1. In module theory, Auslander and Smalø [2] used the names left F-
approximation instead of F -preenvelope and minimal left F-approximation instead
of F -envelope. Preenveloping classes are also called covariantly finite subcategories.
Dual terms are used for precovering classes.
2. In any category, injective hulls with respect to a given class of morphisms I (which
contains the identity morphism) correspond exactly to F -envelopes, where F is the
class of I-injective objects (i.e. those objectsX such that Hom(B,X)→ Hom(A,X)
is surjective for all A → B in I). The dual claim for covers also holds (cf. [23,
Proposition 3]).
3. In category theory a preenveloping class F is known as a weakly reflective subcategory
(see e.g. [18]). For this, we choose an F -preenvelope η : X → RX for every object
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X . This is a weak reflection onto F . Note that this choice need not be functorial.
In this context, weak factorization systems give rise to envelopes and covers, when
one factorizes morphisms into the terminal object, and morphisms from the initial
object, respectively.
In this paper we focus on envelopes and covers for certain groups. We exploit the
following notion:
Definition 2.2 Given a groupH , we say that a homomorphism ϕ : H → G is an envelope
(of H), if there exists a class of groups F such that ϕ is an F -envelope. Dually ϕ : H → G
is a cover (of G) if there exists a class of groups F such that ϕ is an F -cover.
Observe that [6, Lemma 2.1] and its obvious dual, have their corresponding analogues
for envelopes and covers:
Proposition 2.3 1. A homomorphism ϕ : H → G is an envelope of H if and only
if ϕ∗ : End(G) → Hom(H,G) is surjective and the preimage of ϕ is contained in
Aut(G).
2. A homomorphism ϕ : H → G is a cover of G if and only if ϕ∗ : End(H) →
Hom(H,G) is surjective and the preimage of ϕ is contained in Aut(H).
Proof. For the converses, in (1) take F = {G} and in (2) take F = {H}. It is clear
that ϕ is an F -envelope in (1), and an F -cover in (2). ✷
Example 2.4 The inclusion Z/pr → Z/p∞ of the cyclic group of order pr into the Pru¨fer
group is an F -envelope, where F is the class of all injective abelian groups. On the other
hand, the canonical homomorphism Z/pr → Z/ps is an envelope for all r, s ≥ 1, with
F = {Z/ps} (see more examples in Section 4). The localizations of Z/pr are exactly the
projections Z/pr → Z/ps with s ≤ r (see e.g. [7]).
As in the case of modules, we have the following reduction for groups:
Proposition 2.5 Let F be any class of groups. If ϕ : H → G is an F-envelope, then
Im (ϕ) →֒ G is an F-envelope with the same Galois group. Dually, if ϕ : H → G is an
F-cover, then H ։ Im (ϕ) is also an F-cover with the same co-Galois group. ✷
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On the other hand, surjective preenvelopes and monomorphic precovers are completely
described by socles and radicals as we observe next.
Recall that given a class E of group epimorphisms, the E-socle SE(H) of a group H is
the (normal) subgroup generated by ψ(Kerϕ) where ψ : E → H and ϕ : E→E ′ is in E . If
F is any class of groups and E = {ϕ : F → 1, F ∈ F}, then the E-socle of H is called the
F -socle of H . The E-radical TE is the union TE(H) =
⋃
i T
i of a continuous chain starting
at T 0 = SE(H) and defined inductively by T
i+1/T i = SE(H/T
i), and T λ =
⋃
α<λ T
α if λ
is a limit ordinal. The quotient H→H/TE(H) is the epireflection with respect to E (see
e.g. [24]).
Proposition 2.6 Let F be any class of groups. Then, the following are equivalent:
a) H →֒ G is an F-precover.
b) H →֒ G is an F-cover having unique liftings.
c) H is the F-socle of G. ✷
Recall some terminology of orthogonal pairs from localization theory. Given a class
of groups F we denote by ⊥F the class of homomorphisms g : A → B that induce a
bijection g∗ : Hom(B,F ) ∼= Hom(A, F ) for all F ∈ F , where g∗(h) = hg. For a class E of
homomorphisms, E⊥ denotes the class of groupsG such that g∗ : Hom(B,G) ∼= Hom(A,G)
for all g ∈ E .
Proposition 2.7 Let F be any class of groups. Then, the following are equivalent:
a) H ։ G is an F-preenvelope.
b) H ։ G is an F-envelope having unique liftings.
c) H ։ G is an E-epireflection onto G ∈ F , where E = (⊥F) ∩ Epi.
Proof. Denote f : H ։ G. Clearly (a) is equivalent to (b), since f is an epimorphism.
Suppose (b). Then f is in ⊥F because f is an F -envelope with unique liftings, thus
f ∈ E . On the other hand, G ∈ F ⊂ (⊥F)⊥ ⊂ E⊥, hence G is E-local, and f is the
E-epireflection, hence (c) holds. Conversely, suppose (c). This implies that G is E-local
and f is an E-equivalence. Therefore, f ∈ (⊥F), i.e. all groups in F are f -local. We
conclude that f is an F -envelope, which shows (b). ✷
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In all these cases the (co)-Galois groups are trivial, but this holds of course for arbitrary
(co)-localizations (see [4] or [6] for notation).
Proposition 2.8 Let (L, η) be a localization functor, and let F be the class of L-local
groups. Then ηH : H → LH is an F-envelope with Gal(ηH) = {IdLH} for every group H.
The dual result for co-localizations functors also holds. ✷
3 Envelopes and covers with trivial Galois groups
We next show the converse of Proposition 2.8 for covers, i.e. that covers of groups with
trivial co-Galois groups are cellular covers (cf. Lemma 2.2 in [10] for modules). This links
work done by Enochs–Rada [10] and Hill [19] on torsion free covers of abelian groups with
trivial co-Galois group, and recent work on cellular covers by Chacho´lski–Farjoun–Go¨bel–
Segev [8], and Buckner–Dugas [5].
Theorem 3.1 Let π : H → G be any cover of groups. Then the following are equivalent:
(a) coGal(π) = {IdH}.
(b) π : H → G is a cellular cover.
Proof. Let K = Kerπ. By Proposition 2.5 we can assume that we have a short exact
sequence
1→ K
i
−→ H
pi
−→ G→ 1.
First remark that if coGal(π) = 1 then i(K) is central in H . Indeed, let x ∈ K and define
ψ : H → H by ψ(y) = i(x)yi(x)−1. Then, πψ = π and coGal(π) = 1 implies ψ = IdH , i.e.
i(K) central in H .
Let ψ : H → K be any homomorphism. Then define ψ′ : H → H by ψ′(x) = xi(ψ(x)),
which is a well defined homomorphism because i(K) is central. Composing by π we get
πψ′ = π, hence again by hypothesis ψ′ = IdH which says precisely that ψ = 1.
The other implication is obvious. ✷
As we will prove in Theorem 3.6, the converse of Proposition 2.8 for envelopes holds if
we assume that H is abelian or G is nilpotent. We do not know whether or not it remains
true if H is nilpotent (even for nilpotency class 2). Let ZG be the center of G and ΓrG be
its lower central series, defined inductively by Γ2G = [G,G], Γr+1G = [ΓrG,G] = [G,ΓrG].
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We use the convention for commutators [x, y] := xyx−1y−1, and for the iterated left-
normed commutator [y1, y2, ..., yr] := [...[[y1, y2], ..., yr−1], yr] ∈ Γ
rG. Recall the following
identities [a, xy] = [a, x][x, [a, y]][a, y] and [xy, z] = [y, z][[y, z], x][x, z]. Combininig these
we have:
[abc, z1, · · · , zj ] = [[(ab)c, z1], z2, · · · , zj ] = [[c, z1] [[c, z1], ab] [ab, z1], z2, · · · , zj ] =
[[c, z1] [[c, z1], a] [a, [[c, z1], b]] [[c, z1], b] [b, z1] [[b, z1], a] [a, z1], z2, · · · , zj] (3.1)
Let Zj = ZjG be the j-term of the upper lower central series of G, where Z1 = ZG, and
Zj+1 = Z(G/Zj). Note that x ∈ Zj if and only if [x,G,
(j)
· · ·, G] = 1. We call these elements
j-central. For later use, we recall the following known properties:
Lemma 3.2 Let j ≥ 1 and a, b, c elements of a group G.
1. If b ∈ ZjG, then [abc, z1, · · · , zj ] = [ac, z1, · · · , zj ]
2. If b ∈ Zj+1G, then [abc, z1, · · · , zj] = [acb, z1, · · · , zj] = [[ac, z1][b, z1], z2, · · · , zj ] =
· · · = [ac, z1, · · · , zj ][b, z1, · · · , zj ]
Proof. We proceed by induction on j. For j = 1 both (1) and (2) are obvious. Suppose
by induction that (1) holds for all j-central elements, and suppose that b is (j+1)-central.
Then [[c, z1], b], and [b, z1] ∈ Zj, and by induction they can be eliminated in (3.1):
[abc, z1, · · · , zj+1] = [[c, z1] [[c, z1], a] [a, z1], z2, · · · , zj+1] = [[ac, z1], z2, · · · , zj+1] =
= [ac, z1, z2, · · · , zj+1].
To see (2), let us assume that it holds for all j-central elements, and suppose that b is
(j+1)-central. Now in (3.1) we have that [[c, z1], b] and [b, z1] are j-central. By induction,
[abc, z1, · · · , zj ] = [[c, z1] [[c, z1], a] [a, z1] [[c, z1], b] [b, z1], z2, · · · , zj ] =
= [[c, z1] [[c, z1], a] [a, z1] [b, z1], z2, · · · , zj] (3.2)
In the last equality, we have used that [[c, z1], b] ∈ Zj−1, and hence it can be eliminated.
Indeed, to see that, we apply induction of (2) with the elements [b−1, z−11 ] and [c
−1, b] ∈
ZjG:
[[[c, z1], b], z2, · · · , zj] = [[c, z1]b[c, z1]
−1b−1, z2, · · · , zj ] = [cz1c
−1z−11 bz1cz
−1
1 c
−1b−1, z2, · · · , zj ]
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= [cz1c
−1b[b−1, z−11 ]cz
−1
1 c
−1b−1, z2, · · · , zj ] = [cz1[c
−1, b]z−11 bz1z
−1
1 c
−1b−1, z2, · · · , zj]
= [cz1z
−1
1 c
−1bcb−1bc−1b−1, z2, · · · , zj] = · · · = 1
On the other hand,
[(ac)b, z1, · · · , zj] = [[b, z1] [[b, z1], ac] [ac, z1], z2, · · · , zj ]
[[b, z1] [[b, z1], a] [a, [[b, z1], c]] [[b, z1], c] [c, z1] [[c, z1], a] [a, z1], z2, · · · , zj].
[[b, z1] [c, z1] [[c, z1], a] [a, z1], z2, · · · , zj ] (3.3)
Theferore, (3.2) and (3.3) coincide, and we have
[abc, z1, · · · , zj] = [acb, z1, · · · , zj] = [[ac, z1][b, z1], z2, · · · , zj ].
Applying that [b, z1, · · · , zi] is (j + 1− i)-central, we obtain
[abc, z1, · · · , zj ] = [ac, z1, · · · , zj ][b, z1, · · · , zj].
✷
We adapt this lemma to our purposes.
Lemma 3.3 Let X,X ′, Y , a, z be elements of a group G. Given j ≥ 1, if [Y, [a,X ′]] is
j-central and [a, Y ] is (j + 1)-central, then, for all z1, ..., zj ∈ G,
[a,XY X ′, z1, ..., zj ] = [[a,XX
′][a, Y ], z1, ..., zj] = [a,XX
′, z1, ..., zj ][a, Y, z1, ..., zj ].
Proof. We have the following chain of equalities
[a,XY X ′, z1, ..., zj] = [[a,XY X
′], z1, ..., zj ] =
= [[a,X ] [X, [a, Y ]] [a, Y ] [Y, [a,X ′]] [[Y, [a,X ′]], X ] [X, [a,X ′]] [a,X ′], z1, ..., zj] = (∗),
now we apply Lemma 3.2 to get
(∗) = [[a,X ] [X, [a,X ′]] [a,X ′][a, Y ], z1, ..., zj ]
= [[a,XX ′][a, Y ], z1, ..., zj ] = [a,XX
′, z1, ..., zj ][a, Y, z1, ..., zj ]
✷
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Lemma 3.4 [21, Proposition 3.7] Suppose that G is nilpotent of nilpotency class at
most r, i.e. Γr+1G = 1. Then for any choice of elements a1, · · · , ar−1 ∈ G and any
choice of i (1 ≤ i ≤ r − 1), the assignment x 7→ [a1, · · · , ai, x, ai+1, · · · , ar−1] defines a
homomorphism G→ Z(G). ✷
This result was used in [21] to prove that if η : H → G is a localization and G is nilpotent,
then the nilpotency classes of G and η(H) coincide. The proof of our Theorem 3.6 needs
the following:
Lemma 3.5 Let η : H → G be an envelope with Gal(η) = {IdG}. Let ψ1, ψ2 : H → G be
two homomorphisms such that ψ1η = ψ2η. Suppose that, for some i, j ≥ 0 and all x ∈ G,
[Γi+1G,ψ1(x)ψ2(x)
−1, G,
(j
· · ·, G = 1 (3.4)
and
[ΓiG,ψ1(x)ψ2(x)
−1, G,
(j+1
· · · , G] = 1. (3.5)
. Then, [ΓiG,ψ1(x)ψ2(x)
−1, G,
(j
· · ·, G] = 1, for all x ∈ G.
Proof. Fix a ∈ ΓiG and z1, · · · , zj ∈ G. Let ξ : G→ G be the map given by
ξ(x) := x[a, ψ1(x)ψ2(x)
−1, z1, · · · , zj ].
By assumption (3.5), [a, ψ1(x)ψ2(x)
−1, z1, · · · , zj] is central. We next show that ξ is a
homomorphism. Given x and y of G, we have
ξ(xy) = xy [a, ψ1(x)ψ1(y)ψ2(y)
−1ψ2(x)
−1, z1, · · · , zj]︸ ︷︷ ︸ .
We apply Lemma 3.3 to X = ψ1(x), Y = ψ1(y)ψ2(y)
−1 and X ′ = ψ2(x)
−1. The under-
braced part is
[a,XY X ′, z1, · · · , zj ] = [[a,XY X
′], z1, · · · , zj] = (∗)
The element [Y, [a,X ′]] is j-central because of (3.4), and [a, Y ] is (j+1)-central, by (3.5).
Therefore we can apply Lemma 3.3 to get:
(∗) = [[a,XX ′][a, Y ], z1, · · · , zj ] = [a,XX
′, z1, · · · , zj ][a, Y, z1, · · · , zj].
This proves that ξ is a homomorphism, which satisfies ξη = η because ψ1η = ψ2η, hence
ξ ∈ Gal(η) = {IdG}. This concludes [Γ
iG,ψ1(x)ψ2(x)
−1, G,
(j
· · ·, G] = 1, for all x ∈ G.
✷
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Theorem 3.6 Let η : H → G be an envelope. Suppose that H is abelian or G is nilpotent.
Then the following are equivalent:
(a) Gal(η) = {IdG}.
(b) η : H → G is a localization.
Proof. Proposition 2.8 gives that (b) implies (a). To prove that (a) implies (b), let ψ1
and ψ2 be endomorphisms of G such that ψ1η = ψ2η. We want to show that ψ1 = ψ2.
This equality easily follows if the element ψ1(x)ψ2(x)
−1 is central. Indeed, in that case
the map ξ : x 7→ xψ1(x)ψ2(x)
−1 defines an element of Gal(η). Hence ξ = IdG by (a),
which implies ψ1 = ψ2 as desired.
Case H abelian: For each h ∈ H , we have cη(h)η = η which forces cη(h) = IdG by (a).
Therefore, for each g ∈ G, cgη(h) = gη(h)g
−1 = η(g), that is, cgη = η. Again by (a), it
follows cg = IdG for all g ∈ G, that is, G is abelian.
Case G nilpotent of class at most r ≥ 2 (that is [G,
(r+1
· · · , G] = 1): In particular, by
Lemma 3.5 we get
[G,
(i
· · ·, G, ψ1(x)ψ2(x)
−1, G,
(j
· · ·, G] = 1,
whenever i+ j ≥ r− 1. Iterating this argument we get that [ψ1(x)ψ2(x)
−1, G] = 1. Thus
ψ1(x)ψ2(x)
−1 is central. ✷
4 Some envelopes and open questions
We next give some examples of envelopes, results and open questions. We deal with
envelopes according to Proposition 2.3, having in mind related examples and problems
of localizations of groups. Although envelopes do not share as many good properties as
localizations, we will still have interesting questions to treat. Recall for example that if
H is abelian and H →֒ G is a localization, then G is abelian (see e.g. [21] or [6, Theorem
2.2]). This fails for arbitrary envelopes.
Example 4.1 The inclusion i : Cp →֒ D2p of the cyclic group of order a prime p > 2 into
the dihedral group of order 2p is an envelope, with Gal(i) = Cp.
Group localizations of Z (and more generally, of any commutative ring with unit)
have attracted much attention in the literature. They were called E-rings by Schultz (see
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[27]). These are commutative rings A with identity 1, for which the evaluation at 1, is an
isomorphism End(A) ∼= A of rings. The following is an envelope of Z, similar to 4.1.
Example 4.2 Consider G = 〈x, y : y2 = 1, xy = x−1〉 the infinite dihedral group. Then
〈x〉 →֒ G is an envelope, with Z as its Galois group.
One could try to construct either countable or arbitrarily large envelopes of Z with pre-
scribed Galois group Cp (or another fixed group), either using Corner’s techniques or some
adjusted Shelah’s black box.
Question 4.3 Are there arbitrarily large envelopes of Z with any prescribed Galois
group?
Of course, variations of this problem can be treated in parallel to constructions of absolute
E-rings [13], or the most recent ℵk-free E-rings.
Given a localization H → G of a nilpotent group H , is G nilpotent? This is still
an open and very difficult problem in localization theory. We recall that this is only
known to be true for nilpotent groups H of nilpotency class 2 (Libman [21, Theorem
3.3], Casacuberta [6, Theorem 2.3]) and also for finite p-groups of nilpotency class 3 by
Aschbacher [1]. This problem is even open for finite p-groups H , where p is any prime.
For envelopes we think that the following question would be interesting and perhaps easy
to solve.
Question 4.4 When is an inclusion H →֒ G of finite p-groups an envelope? Characterize
them, give examples.
We know from [26] that if H → G is a localization between two finite groups, and H
is perfect, then G is perfect too. This is no longer true for envelopes.
Example 4.5 The inclusion An →֒ Sn of the alternating group into the symmetric group
is an envelope for n ≥ 5.
In [25] it is given a criterium that permits to know when an inclusion of finite simple
groups is a localization. For envelopes we have the following characterization.
Theorem 4.6 Let ϕ : H →֒ G be an inclusion of non-abelian finite simple groups. Then
ϕ is an envelope if and only if:
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1. Every automorphism α : H → H extends to a (non-necessarily unique) automor-
phism i(α) : G→ G.
2. Any subgroup of G which is isomorphic to H is conjugate to H in Aut(G).
Furthermore, Gal(ϕ) is isomorphic to the centralizer subgroup of H in G.
Proof. The proof is basically the same as in [25, Theorem 1.4]. Note that for localizations
the assignation β 7→ i(β) is unique and respects compositions giving rise to a well defined
homomorphism Aut(H)→ Aut(G). ✷
This characterization restricted to complete groups has a simpler formulation (cf.
[25, Corollary 1.6]). Recall that a group is complete if it has trivial center and every
automorphism is a conjugation.
Corollary 4.7 Let H be a non-abelian simple subgroup of a finite simple group G and
let i : H →֒ G be the inclusion. Assume that H and G are complete groups. Then i is
an envelope if and only if any subgroup of G which is isomorphic to H is conjugate to H.
✷
Notice that the equivalences of Theorem 3.6 also hold for finite simple groups.
Corollary 4.8 An envelope i : H →֒ G between two non-abelian finite simple groups is a
localization if and only if it has trivial Galois group. ✷
In [25] one can find many examples of envelopes, that are not localizations, since the
centralizer fails to be trivial. The authors also considered the concept of rigid components
of non-abelian finite simple groups defined by the following equivalence relation: two
such groups are related if there is a zig-zag of monomorphisms which are localizations
connecting them. Parker–Saxl [22], completing results of [25], showed that all (non-
abelian) finite simple groups lie in the same rigid component, except the ones of the form
PSp4(p
2c), with p an odd prime and c > 0, which are isolated. This fact motivates the
following
Question 4.9 Are all non-abelian finite simple groups lying in the same weak rigid com-
ponent? Two groups are in the same weak rigid component if there is a zig-zag of
monomorphisms connecting them which are envelopes.
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Go¨bel–Rodr´ıguez–Shelah [14] and Go¨bel–Shelah [16] found out that every finite simple
group admits arbitrarily large localizations.
Question 4.10 Which finite simple groups admit arbitrarily large envelopes with a pre-
scribed Galois group?
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